We propose a finite-temperature holographic model with a soft-wall geometry that incorporates two scalar fields, dual to the gluon and chiral operators. A series solution is presented as the dynamical, black-hole solution to Einstein's equations. We use the solution to calculate the thermal properties of the corresponding 4D gauge theory. Gluon and chiral thermal condensates contribute leading-order terms that affect the speed of sound through and entropy of the 4D thermal medium. At a temperature T c ∼ 900 MeV, we find a phase transition, which is much higher than lattice QCD calculations. However, the transition only exists with nonzero thermal condensates. 
Introduction
The anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1] [2] [3] has provided new insight into the dynamics of strongly coupled, four-dimensional (4D) gauge theories from the remarkable duality with a weakly coupled, five-dimensional (5D) gravitational description. Quantum chromodynamics (QCD), the theory of strong interactions, is a gauge theory that becomes strongly coupled in the infrared (IR); therefore, a 5D gravity dual provides a new framework to study nonperturbative phenomena in QCD. This is done in AdS/QCD models, where the conformal symmetry is broken at a particular energy scale by an IR brane (hard-wall [4, 5] ) or gradually via a background scalar field (soft-wall [6] ). The hard-wall models provide a reasonable fit to the low energy observables except that the mass spectrum m n ∼ n. A much better fit to the mass spectrum occurs in soft-wall models that can mimic the observed Regge trajectories of the QCD hadrons [6, 7] . While the exact 5D dual of QCD remains elusive, further improvements such as chiral symmetry breaking have been incorporated into AdS/QCD models [8] [9] [10] [11] [12] but still describe only part of the rich structure of QCD.
Furthermore, there have been attempts to study strongly coupled gauge theories at finite temperature. This requires extending the metric to an AdS-Schwarzschild solution, describing an extradimensional generalization of a black hole. The thermodynamic description of black holes is well established [13] [14] [15] . Using black-hole solutions, finite-temperature properties of strongly coupled gauge theories can be studied, such as those associated with the deconfinement phase transition and the quark-gluon plasma. Interestingly, experimental evidence confirms that the quark-gluon plasma (QGP) is strongly coupled [16] [17] [18] [19] , lending support to the theoretical picture obtained via a 5D dual gravity description.
The simplicity of the soft-wall models in providing a reasonable fit to the mass spectrum, together with the success of the black-hole solutions at finite temperature, suggests that a simple model combining both features can be obtained. In this paper, we provide a finite-temperature description of a strongly coupled gauge theory using a soft-wall geometry based on the model in [20] . A black-hole solution of the 5D Einstein equations is given for the metric and two scalar fields. The black-hole metric is asymptotically AdS with an event horizon located at a finite value of the bulk coordinate. In the 5D gravity dual, one scalar field plays the role of a string-theory dilaton that is dual to a gluon operator. The other scalar field resembles the string-theory tachyon and is dual to chiral operator.
We attempt to introduce rigor into the soft-wall thermodynamics, beyond what has been done in [21, 22] . The solution outlined here is an expansion only valid in the limit of z, z h < 1. Unfortunately, this is the price we pay to study the soft-wall thermodynamics; the equations of motion have no known closed-form solution nor a reasonable numerical solution.
The thermodynamics resulting from our solution leads to interesting consequences. We show that a nonzero thermal condensate function G induces a phase transition [23] [24] [25] [26] [27] . Furthermore, G contributes leading-order terms to the soft-wall thermodynamics that are absent in the lattice results [28] [29] [30] . However, qualitatively the two agree. The entropy has the expected behavior at high temperatures, scaling as T 3 . The speed of sound through the thermal plasma is consistent with the conformal value of 1/3, matching the upper bound advocated in [31] .
Our analysis begins in Section 2, where we present the thermal AdS and black-hole AdS solu-tion and compute the on-shell action. In Section 3, we study the thermodynamics of our solution, including a general expression for the entropy and squared speed of sound. We then calculate the free energy difference by carefully matching our two solutions at the AdS boundary. This enables us to compute the transition temperature between the confined and deconfined phases of the gauge theory in Section 4. Concluding remarks are given in Section 5.
Finite-Temperature Action
We begin by specifying the 5D action in the string frame and show how it is related to the 5D action in the Einstein frame. Because the equations of motion become simpler, we transform the action to the Einstein frame. The action is then converted to a finite-temperature description by introducing a black hole into the metric. We generalize the AdS solution with two scalar fields [20] to a thermal AdS solution, which is used to compute the on-shell action. The black-hole solution will be given in Section 2.3.
5D Lagrangian
We start with the string-frame action inspired by the dimensionally-reduced type IIB supergravity action [20, 32] ,
where L meson contains all the mass terms not considered in this work, V S is the string-frame scalar potential, and the indices M, N = (t, x 1 , x 2 , x 3 , z). We work with two scalar fields Φ and χ where previous models have included only the dilaton [23] [24] [25] [26] [27] [33] [34] [35] [36] . The inclusion of a GibbonsHawking term, S
GH , is an attempt to be more rigorous than previous models. The string-frame metric is assumed to have an AdS-Schwarzschild form
where f (z) determines the location of the black-hole horizon. Furthermore, the string-frame action (2.1) contains similarities with noncritical string theory. The Φ scalar field behaves like a dilaton, while the χ scalar field behaves like a closed-string tachyon field. This suggests that our setup could be the low-energy limit of some underlying string theory. While the string-frame action provides a suitable starting point, it is more practical to do calculations in the Einstein frame. Switching to the Einstein frame involves a simple conformal transformation, g
M N = e
3)
The gravity-dilaton-tachyon action in the Einstein frame then becomes
where φ = 8/3Φ and V = V S e 4 3 Φ . We explicitly define the Gibbons-Hawking term S GH as
where K = γ µν K µν and γ is the four-dimensional induced metric at the AdS boundary. The extrinsic curvature K µν is defined by 6) where the vector n M is the outward directed normal to the boundary and
The boundary of the AdS 5 space considered here is the z = 0 plane, making the normal vector
The Gibbons-Hawking term does not affect the equations of motion, but will have consequences when considering the free energy and deconfinement temperature.
To introduce temperature, we compactify the Euclidean time coordinate, τ ≡ it → it + β, where β = 1/T is the inverse temperature. The finite-temperature metric in the Einstein frame then becomes 9) with the finite-temperature action given by
The Einstein frame metric (2.9) and action (2.10) will be used to solve the Einstein's equations in two realms, thermal AdS (thAdS) and black-hole AdS (bhAdS). All quantities with a subscript 0 are associated with the thAdS solution.
We fix the value of the 5D gravitational coupling G 5 using the QCD matching found in [23] , making
Thermal AdS Solution
We begin by obtaining a thAdS solution that is effectively equivalent to the zero-temperature case explored in [20] , where f (z) = 1. Assuming the scalar fields are a function of only the z coordinate, the action can be expressed as 12) where V is the spatial three-volume. A UV cutoff at z = δ has been introduced to regularize any singular behavior at the AdS boundary. The metric associated with the thAdS solution is 13) where the constant c depends on the conformal transformation. In our case, c = 1/ √ 6. Two equations of motion come from the 5D Einsteins equations,
14) 15) and two more equations come from the varying of the action, 17) where prime ( ) denotes derivatives with respect to z. Using (2.13), we express (2.14), (2.15), (2.16), and (2.17) all in terms of φ, χ, and V (φ(z), χ(z)),
where we see that the nonlinear term φ 2 has conveniently cancelled in (2.18) . Of the four equations, we find that three are independent.
As shown in [20] , the solution in the soft-wall model with a quadratic dilaton gives 24) where µ sets the hadronic mass scale. The quadratic behavior of the φ solution (2.22) leads to a Regge-like hadron mass spectrum (m
The potential is a function of the z coordinate with no unique solution for V (φ, χ). However, a potential was found in [20] ,
φ − 12 3e
We can define an alternative potential that still produces (2.22), (2.23), and (2.24),
More examples of consistent and well-defined potentials written in terms of two scalar fields can be found in [37] . Part of the the free energy expression is found by substituting the thAdS solution into (2.12) and finding the Gibbons-Hawking term. In general, we find the Ricci scalar and extrinsic curvature,
Substituting into (2.5) gives the on-shell Gibbons-Hawking term for the thermal AdS solution,
the on-shell action (2.12) then becomes
The on-shell action is a pure boundary term and strictly depends on the AdS boundary conditions as δ → 0.
Field/Operator Correspondence
According to the AdS/CFT dictionary, a dimension-∆ operator in d-dimensional gauge theory corresponds to a scalar field in the gravity dual with a mass,
Expanding the potential (2.25) from [20] , we see that 32) suggesting that φ is dual to a dimension-2 operator, and χ is dual to a dimension-3 operator. However, the potential (2.26) gives the masses as 33) indicating that φ and χ are dual to a dimension-4 and dimension-3 operator, respectively. It is fairly clear that the chiral operator, qq, and the gluonic operator, Tr[F 2 ], are the dimension-3 and dimension-4 operators, but the dimension-2 operator is much less clear.
The most likely dimension-2 operator candidate is A 2 µ , which becomes a local expression in the Laudau gauge, ∂ µ A µ = 0. Coupling a source term to A 2 µ makes the theory nonrenormalizable at the quantum level. A quadratic source term can be added to remedy this obstacle, though, this ruins the energy interpretation of the effective action [38] . In the context of the AdS/CFT correspondence, A 2 µ is often understood to convey information about the topological defects in the gravity dual [39, 40] . Much more work concerning A 2 µ has been conducted in [41] [42] [43] . In the current soft-wall case, the field/operator correspondence appears complicated. The ambiguity stems from the fact that the original AdS/CFT dictionary was formulated considering purely free scalar fields. The potentials (2.25) and (2.26) clearly have interaction terms. Resolving the issue of whether interaction terms affect the field/operator correspondence and determining the interpretation of the dimension-2 operator is the subject of future research. In that spirit, we expand upon the published potential (2.25) and assume that the fields χ and φ correspond to the operatorsand Tr [F 2 ]. The significance of our work relies on the fact that the dilaton is dual to some temperature-dependent operator. The identity of that operator is a topic for further research.
Black-Hole AdS solution
Next, we consider the black-hole AdS solution that describes a deconfined phase, mimicking a free quark-gluon plasma. Assuming the solutions are only a function of the z coordinate, the 5D action associated with the black-hole AdS solution simplifies to 34) where z h is the location of the black-hole horizon. We will see that z h is directly related to the temperature of the gauge theory. We begin with the black-hole metric (2.9) and find four independent equations of motion,
Unlike in the thAdS case, the potential is already determined. We must use the potential (2.25) to connect the soft-wall action to the free energy investigated in Section 3. With four independent equations and four unknown functions, f (z), a(z), φ(z), and χ(z), we cannot assume a fixed relation between the warp factor a(z) and the dilaton φ(z). These quantities must evolve independently as the temperature varies. The system of equations associated with bhAdS are difficult to solve but for the simplest cases.
Using the series expansions, we construct another solution. We use the thAdS solution of Section 2.2 as the starting points for these series expansions,
where we see that one of the black-hole conditions, f (0) = 1, is automatically satisfied. The condensate function G(z h ) plays an important role in the free energy and phase transition of the system. By solving (2.35), (2.36), (2.37), and (2.38) in successive powers of z, we find the coefficients up to n = 8 in terms of f 4 (G, z h ). The other black-hole condition, f (z h ) = 0, determines the final unknown coefficient. We calculate the non-zero coefficients for the metric,
(2.43)
44)
the field φ,
46)
47)
the field χ,
50)
51)
and f (z),
53)
54)
In general, the coefficients of the z n terms in p n and m n have direct consequences for the free energy. For coefficients 0 < n < 4, the free energy contains divergences of the power n, while for n > 4 the function G(z h ) does not affect the free energy. Only the n = 4 coefficients affect the free energy expression. As we will see in Section 3, the condensate function G then plays a crucial role in giving rise to a finite transition temperature.
An expression for the on-shell action can be obtained by simplifying (2.34). The induced metric in this case is
therefore, the Gibbons-Hawking action term becomes
Given that the Ricci tensor is
the total on-shell action can then be written as
Again, the on-shell action is a pure boundary term and depends only on the AdS boundary conditions. This action will be used to compute the free energy in Section 3.
Field/Operator Correspondence at Finite Temperature
The scalar field solutions (2.40) and (2.41) correspond to turning on thermal condensates in the gauge theory. To show the relation between G(z h ) and the operator condensates, we assume the kinetic term of a canonically normalized bulk scalar field fluctuation, denoted ω, to be
Let us first consider the scalar field φ, where the coupling to the four-dimensional boundary operator is
In terms of the 't Hooft coupling λ = e Φ , the Yang-Mills field strength is
making the dilaton fluctuation,
We are only interested in the fluctuation δΦ = Φ − Φ 0 , which allows one to compute the difference between thermal and vacuum values of TrF 2 [23, 27] . From (2.40), we find that δΦ = − 3/8G(z h )z 4 . Recall that the relation between the expectation value of a ∆-dimensional operator in d-dimensional space and the field is
The function G(z h ) then relates directly to the gluon condensate,
A similar correspondence can be obtained for the scalar field χ, where it is tempting to relate χ to the three-dimensional operator qq. In this case, the coefficient of the z 3 term in (2.41) is proportional to the renormalized chiral condensate,−0 . For this correspondence to hold, χ would need to be a bifundamental field in the gauge theory. This can be done by promoting χ to a bifundamental field χ ab , where a, b are group indices and writing, for example
for an SU (2) × SU (2) symmetry. Under this assumption, we can follow the same procedure as for the φ field, and derive an operator correspondence for χ. Assuming a bulk kinetic term of the form (2.60) and boundary operator coupling
we find that
Thus, we see that the function G(z h ) is intimately related to the thermal condensatesand TrF 2 . In fact, the ratio of the gluon condensate and the chiral condensate is given roughly by
and is consistent with that obtained in perturbation theory to first order [44] .
Thermodynamics
Having determined the black-hole solution of the 5D gravity-dilaton-tachyon system we now investigate the thermodynamics. We begin with Hawking's black-hole thermodynamics, where the temperature is found,
The quantity P is defined as
Of course, all thermodynamic quantities will depend on the condensate function, whose behavior we address in Section 4.
Entropy
The entropy is found in the usual way from black-hole thermodynamics, a subject extensively covered in [13] [14] [15] . The entropy S is defined as
As expected for a relativistic gas at high temperature, the entropy density s(T ) behaves as T 3 at high temperature. In our model, we can also calculate the subleading temperature behavior and check that it is consistent. We compute the entropy density from the area of the black-hole horizon using the induced metric γ. Using the metric (2.39), we obtain
where V is the spatial volume. Using the first few terms in our metric expansion, the entropy density is then given by
Speed of Sound
With the temperature and entropy known, we also determine the speed of sound through the deconfined medium of the gauge theory. The speed of sound v s characterizes the hydrodynamic evolution of the deconfined, strongly coupled plasma. It has been suggested that v 2 s in holographic models obeys an upper limit of 1/3 [31] . This can be checked for our solution using the relation
In our model, the exact form of v 2 s greatly depends on the form of G. However, we do confirm that
in the high temperature limit, recovering the conformal limit with an upper bound of v 
Free Energy
The free energy of the deconfined phase is calculated in two ways. We use thermodynamic identities to define the free energy as
where we have found the Bekenstein entropy and have an expression for T (z h ). We have explicitly written the integration constant F min since the problem with using (3.8) is common among energy definitions, setting the zero point. Because z h (T ) is a multi-valued function, the integral is nontrivial. Calculating the value F min generally requires the expression of entropy in the large-z h region, exactly where our expanded solutions are invalid. While the integral in (3.8) is completely calculable, we find the free energy by using the on-shell action. Finding the zero-point energy using actions is much easier; one merely subtracts the background free energy as defined by the thAdS action,
Both S bh and S 0 have been computed earlier.
Before evaluating (3.9), we must properly match the thermal AdS and black-hole AdS metrics at the boundary, δ → 0 [45] . This requires matching the intrinsic geometry of the two solutions at the boundary cut-off [23] , where
In order for (3.10) to be satisfied, we must evaluate the thAdS and bhAdS solutions at different cut-off points,δ and δ respectively. We find that
Combining the matching with (3.9), we obtain a rather simple expression for the free energy, 12) which can be reduced to
It should be noted that we also checked that the black-hole energy E satisfies the thermodynamic formula E = F + T S by computing the ADM energy in Appendix A.
The Condensate Function and the Phase Transition
All the thermodynamic relationships rely on the behavior of the condensate function; therefore, we need to find a solution to G to evaluate the temperature, entropy, and speed of sound. The free energy of the system gives us enough information to solve for G. We only need to set (3.8) and (3.13) equal to one another. Taking the derivative with respect to z h removes any unknown constants, giving
or in more simplified terms,
Unfortunately, (4.2) is a stiff equation. One can often find stable solutions to these equations within a certain region, but our case is barely within a region of stability. We use two methods to solve for G. First, we introduce a series expansion for G,
and expand (4.2) in powers of z h . Performing the expansion and matching coefficients, we find that the useful nonzero g j 's are
Since the nonlinear nature of (4.2) spoils the series solution quite quickly, we find that only the first two terms give an accurate solution for G in the range of z h < 1. Using the series expansion to inform the boundary conditions, we then numerically solve for G in (4.2). However, it is valid within a limited range of z h , matches the series solution in that range, and diverges around z ∼ 0.5 GeV −1 . The two solutions are plotted in Figure 1 . With the condensate function G, we can take a second look at the thermodynamics.
Given the expression (2.42), the temperature can be written as
We clearly see that the condensate function contributes a finite piece to the temperature expression. Increasing the strength of the condensate produces which is a factor of 2 larger than the conformal limit found in [23, 46] . We find that other work in this area has assumed that the condensate terms are suppressed logarithmically. However, in the construction of this model, the soft-wall set-up has no natural means of generating the logarithmic suppression in G. As a result, we see that the condensate contributes to leading-order behavior in the small-z h /large-T limit. It will be useful to have an inverted function z h (T ) which we use to transform functions of z h to functions of T . For simplicity, we use only the first-order term, The speed of sound through the QGP-like thermal phase can be expressed as
We clearly see that (4.10) and (4.11) give the expected v 2 s = 1/3 in the small-z and large-T limit. The speed of sound through our QGP is plotted in Figure 4 . As the figure shows, v 2 s deceases more rapidly with the condensate terms included; however, the difference between the two cases are not as stark as it was in the entropy case.
An issue arises when we consider the behavior of G. In Section 2.2.1, we argued that the dual operator corresponding to the dilaton field is either a dimension-2 or a dimension-4 gluon operator. On dimensional grounds, previous work asserts that G ∼ T 4 . However, our model clearly shows that any self-consistent solution in the soft-wall model requires that G ∼ T 2 . The consequences of the temperature dependence on the field/operator duality are subjects for further research. is recovered at high temperatures.
Deconfinement Temperature
Finding the deconfinement temperature requires examining the free energy of the deconfined phase in (3.13) . The point at which F = 0 occurs when the black-hole solution becomes more energetically favored than the thermal solution. It is instructive to first consider the case without a condensate. By setting G(z h ) = 0 in (3.13), the transition temperature is determined from the condition
However, (4.12) has only one possible solution, z h → ∞; therefore, no transition temperature exists since z h → ∞ occurs in the region of the unstable black hole. This mimics the scenario considered in [21, 22] , but we include the full back-reaction of the scalar field and take the GibbonsHawking term into account. Therefore, we see that a nonzero condensate is needed to obtain a transition temperature in our model. Using the leading behavior and the numerical solution, we find the free energy behavior and plot it in Figure 5 . The phase transition occurs at a critical z c = 0.5262. Using (3.1) and the first two terms of the expansion for G, this corresponds to a critical temperature of T c = 919 MeV. This is much larger than either theoretical reasoning or lattice calculations suggest [28, 29, 44, 47, 48] . There are no current plans (that this author can find) for experiments that would produce such high temperatures; however, experimental evidence for QGP has already been detected. The large transition temperature is most likely the product of the crude soft-wall model and the absence of any suppression terms in G. As z h increases (T decreases), we see that free energy goes to zero as in [23, 27] ; however, the free energy expression is valid below the the region of z h ≈ 1. Thus, the true behavior of the free energy at increasing values of z h requires more numerical work. 
Conclusion
We have presented a five-dimensional, gravity-dilaton-tachyon, black-hole, dynamical solution that represents a dual description of a strongly coupled gauge theory at finite temperature. The solution generalizes the soft-wall geometry considered in [20] , which generates a quadratic dilaton and Regge mass trajectory (m n ∼ √ n). In the string frame, the dilaton and tachyon fields appear to be duals to the gluon and chiral operators, respectively. However, the actual field/operator correspondence is ambiguous. The black-hole solution describes a deconfined free-gluon phase. A transition from confined matter exists, predicted at a extremely high T c = 919 MeV. A condensate function is needed for any transition to occur.
Despite being a mere series expansion, we argue that it gives insight into thermodynamics of a strongly coupled gauge theory produced by the soft-wall model. We expected to find two major contributions to the thermodynamics: the underlying conformal limit and condensate terms. Although we considered a finite number of terms in our infinite solution expansion, our calculations suggest that the condensate terms produce convergent quantities, as shown in (4.6). With further study and numerical rigor, we believe a viable closed-form, black-hole solution with a lower transition temperature will be found.
While our model has some features reminiscent of QCD at finite temperature, it still represents a crude approximation with a number of shortcomings. The bhAdS solution is only valid in the region of small z h . The power-law dependence of the scalar fields and metric does not include the logarithmic corrections needed to suppress condensate terms as in [23, 27] , resulting in noticeable changes in the behaviors of the temperature, entropy, and speed of sound. Furthermore, using the AdS/CFT dictionary, the dilaton field appears to be dual to a dimension-2 operator, (A µ ) 2 , in contradiction to the standard assumption of a dimension-4 operator, T r[F 2 ]. Nevertheless, our 5D dynamical black-hole solution with two scalar fields provides a toy model to understand the nontrivial properties of strong-coupled gauge theories at finite temperature.
with i, j = x 1 , x 2 , x 3 , z. In our case, we have
The expression for the ADM energy is given by [23, 50] ,
The integral is performed over a three-dimensional surface at the bulk boundary Σ B embedded in the 4D constant time slice Σ t , where γ ind is the induced three-dimensional metric. The superscript (3) refers to the dimensionality of the extrinsic curvature. Using three-dimensional equivalents of (2.6) and (2.8), we obtain
where we have matched the two solutions at the AdS boundary as specified in 3.10. Taking the limit δ → 0 gives the final expression
where we have used the fact that
(A.7)
